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ABSTRACT 

K i r c h h o f f ' s  f o r m u l a  f o r  r a d i a t i o n  f rom a c - x e d  s u r f a c e  h a s  been  u s e d  

r e c e n t l y  f o r  p r e d i c t i o n  of t h e  noise of h i g h  speed  r o t o r s  and p r o p e l l e r s .  

Because  t h e  c l o s e d  s u r f a c e  o n  w h i c h  t h e  boundary  d a t a  are p r e s c r i b e d  i n  t h e s e  

cases is i n  mot ion ,  an  e x t e n s i o n  of K i r c h h o f f ' s  f o r m u l a  t o  t h i s  c o n d i t i o n  is 

r e q u i r e d .  I n  t h i s  p a p e r  s u c h  a f o r m u l a ,  o b t a i n e d  o r i g i n a l l y  by Morgans f o r  t h e  

i n t e r i o r  p rob lem,  is  d e r i v e d  f o r  r e q i o n s  e x t e r i o r  t o  s u r f a c e s  moving a t  s p e e d s  

b e l o w  t h e  wave p r o p a g a t i o n  s p e e d  by makinq use  o f  some r e s u l t s  o f  g e n e r a l i z e d  

f u n c t i o n  t h e o r y .  I t  is shown t h a t  t h e  u s u a l  K i rchhof f  f o r m u l a  is a special 

c a s e  o f  t h e  main r e s u l t  o f  t h e  p a p e r .  The g e n e r a l  r e s u l t  applies t o  a d e f o r m -  

a b l e  s u r f a c e .  However, t h e  s p e c i a l  form i t  a s s m e s  f o r  a r i g i d  s u r f a c e  i n  

m o t i o n  i s  a l s o  n o t e d .  Some p o s s i b l e  a r e a s  of a p p l i c a t i o n  o f  t h e  f o r m u l a  t o  

p rob lems  of c u r r e n t  i n t e r e s t  i n  a e r o a c o u s t i c s  a r e  d i s c u s s e d .  

i 



INTRODLJCTION 

K i r c h h o f f ' s  f o r m u l a ,  p u b l i s h e d  i n  1882 ,  is  u s e d  i n  t h e  t h e o r y  of d i f f r a c t i o n  

of  l i q h t  and i n  o t h e r  e l e c t r o m a q n e t i c  p rob lems  [1-21. I t  a l so  h a s  many app l i -  

c a t i o n s  t o  p r o b l e m s  o f  wave p r o p a s a t i o n  i n  a c o u s t i c s  [ 3 ] .  One o f  t h e  n o v e l  

u s e s  of  t h i s  f o r m u l a  was proposed by Hawkinqs for  p r e d i c t i n g  t h e  n o i s e  of h i g h  

speed p r o p e l l e r s  and  h e l i c o p t e r  rotors [ 4 1 .  H i s  i d e a  i n v o l v e s  s u r r o u n d i n g  t h e  

r o t a t i n q  b l a d e s  hy a c l o s e d  s u r f a c e  S which  moves w i t h  the f o r w a r d  s p e e d  of t h e  

mach ine .  I n s i d e  t h i s  s u r f a c e ,  n o n l i n e a r  a e r o d y n a m i c  c a l c u l a t i o n s  are car r ied  

o u t  which  q i v e  t h e  b l a d e  l o a d s  and t h e  p r e s s u r e  h i s t o r y  and its s p a t i a l  and 

t e m p o r a l  d e r i v a t i v e s  o n  t h e  s u r r o u n d i n q  s u r f a c e  S. I n  t h e  e x t e r i o r  of t h i s  

s u r f a c e ,  i t  is  p roposed  t h a t  a fo rmula  s imi l a r  to  K i r c h h o f f ' s  be used  to  c a l c u -  

l a t e  p r o p a q a t i o n  o f  sound i n  terms of  t h e s e  s u r f a c e  v a l u e s .  T h i s  n e c e s s i t a t e s  

e x t e n s i o n  of  t h e  K i r c h h o f f  f o r m u l a  t o  a p p l y  t o  moving s u r f a c e s .  I n  1930,  s u c h  

a n  e x t e n s i o n  was d e r i v e d  for t h e  i n t e r i o r  p rob lem by  Morgans [51. H i s  a n a l y s i s  

was l e n q t h y  and somewhat c o m p l i c a t e d ,  and ,  i n  a d d i t i o n ,  it does n o t  seem t o  be 

w e l l  known among a c o u s t i c i a n s .  For t h e s e  r e a s o n s ,  a modern d e r i v a t i o n  of a 

q e n e r a  l i z e d  K i r c h h o f f  fo rmula  a p p l i c a b l e  to  moving s u r f a c e s  is p r e s e n t e d  

h e r e .  I t  is  v e r y  l i k e l y  t h a t  s p e c i a l i z e d  v e r s i o n s  o f  t h i s  f o r m u l a  h a v e  b e e n  

r e d e r i v e d  by many r e s e a r c h e r s  i n  t h e  c o n t e x t  of specific a p p l i c a t i o n s .  One 

s u c h  case known t o  t h e  a u t h o r s  i s  d i s c u s s e d  i n  t h e  l a s t  s e c t i o n  of t h e  c u r r e n t  

p a p e r .  

Tn t h e  f o l l o w i n g  section t h e  method used  i n  t h e  d e r i v a t i o n  of t h e  main 

r e s u l t  i s  i l l u s t r a t e d  by d e r i v i n q  t h e  K i r c h h o f f  f o r m u l a  f o r  r a d i a t i o n  i n t o  t h e  

recrion e x t e r i o r  t o  a s t a t i o n a r y  s u r f a c e  S. The method i n v o l v e s  a p p l i c a t i o n  o f  

t h e  wave o p e r a t o r  t o  a f u n c t i o n  @ which i s  s e t  e q u a l  t o  zero o u t s i d e  t h e  domain  

of i n t e r e s t .  me f u n c t i o n  4 i s  t h u s  d i s c o n t i n u o u s  across the s u r f a c e  S. The 

d e r i v a t i v e s  i n  t h e  wave o p e r a t o r  are c o n s i d e r e d  as g e n e r a l i z e d  d e r i v a t i v e s  
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16-91 which  are d e f i n e d  everywhere .  The r e s u l t i n q  e x p r e s s i o n  t h e n  c o n t a i n s  

terms which  i n v o l v e  t h e  jumps i n  @ and i t s  d e r i v a t i v e s  m u l t i p l i e d  by D i r a c  

d e l t a  € u n c t i o n s  whose s u p p o r t s  are on S. T h e s e  terms c a n  be v iewed as s o u r c e  

terms f o r  a wave e q u a t i o n  which  is v a l i d  i n  t h e  e n t i r e  unbounded space. 

K i r c h h o f f ' s  fo rmula  is t h e n  d e r i v e d  u s i n q  t h e  G r e e n ' s  f u n c t i o n  of t h e  wave 

e q u a t i o n  for unbounded s p a c e .  

I n  t h e  main s e c t i o n  o f  t h i s  p a p e r ,  t h e  above method i s  e x t e n d e d  to  a 

smooth  movinq s u r f a c e .  I t  w i l l  be o b s e r v e d  t h a t  e s s e n t i a l l y  n o  major d i f f i c u l -  

ties a r i s e  i n  t h i s  c a s e .  One t h u s  a v o i d s  t h e  c o n v e n t i o n a l  a p p r o a c h  which c a n  

become c o m p l i c a t e d  i n  t h e  case of moving s u r f a c e s .  The r e s u l t i n q  g e n e r a l  

K i r c h h o f f  fo rmula  is t h e n  w r i t t e n  f o r  piecewise smooth  r i g i d  s u r f a c e s .  I t  is 

also shown t h a t  t h e  u s u a l  f o r m u l a  f o r  a s t a t i o n a r y  s u r f a c e  is a special case of 

t h e  q e n e r a l  result p r e s e n t e d  h e r e .  

I n  t h i s  pape r  t h e  wave p r o p a g a t i o n  p rob lem is  treated as a n  a c o u s t i c  proh- 

lm and t h e  t e r m i n o l g y  o f  acoustics is  u s e d .  The main  r e s u l t  is o f  c o u r s e  

a a p p l i r ~  h l ~  t o  many o t h e r  wave p r o p a q a t i o n  p rob lems .  Immediate a p p l i c a t i o n s  to 

t h e  p rob lem of t h e  p r e d i c t i o n  o f  t h e  n o i s e  of h i g h  s p e e d  p r o p e l l e r s  and  rotors 

a re  e x p e c t e d .  

EXAMPLE OF THE MATHEMATICAL APPROACH 

I n  t h i s  s e c t i o n  t h e  m a t h e m a t i c a l  method of d e r i v i n g  t h e  main  r e s u l t  i s  

i l l u s t r a t e d  by u t i l i z i n g  i t  t o  o b t a i n  t h e  K i r c h h o f f  f o r m u l a  for  a s t a t i o n a r y  

s u r f a c e  [ l - 3 1 .  C o n s i d e r  t h e  closed and  bounded smoo th  s u r f a c e  S d e s c r i b e d  by 

f(x)=O s u c h  t h a t  f > 0 i n  t h e  e x t e r i o r  o f  t h i s  s u r f a c e .  Assume t h a t  4 and i t s  

f i r s t  d e r i v a t i v e s  a r e  c o n t i n u o u s  i n  f > 0 a n d  t h a t  @ s a t i s f i e s  t h e  wave 

e q u a t i o n  

N 
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i n  t h e  e x t e r i o r  of  s u r f a c e  S, and t h a t  (0, (0 and 9 are g i v e n  on  S for 

t E ( - m , m ) .  Ex tend  4 t o  t h e  i n t e r i o r  of S ( f  < 0 )  by a s s u m i n g  t h a t  (0 = 0 i n s i d e  

t n 

S .  T o  r e d u c e  c o n f u s i o n  be tween  (0 and t h i s  e x t e n d e d  f u n c t i o n ,  t h e  l a t t e r  

f u n c t i o n  z ( x , t )  i s  d e f i n e d  a s  f o l l o w s :  - 
f > 0 (exter ior  of S) 
f < 0 ( i n t e r i o r  of S )  ( 2 )  

The f u n c t i o n  5 i s  a d i s c o n t i n u o u s  f u n c t i o n  whose d e r i v a t i v e s  do n o t  e x i s t  

Qn f=O. One can, however ,  d e f i n e  g e n e r a l i z e d  d e r i v a t i v e s  f o r  s u c h  a f u n c t i o n  

[6-91. I n  t h i s  p a p e r  o p e r a t o r s  i n v o l v i n q  q e n e r a l i z e d  d e r i v a t i v e s  w i l l  be d e -  

n o t e d  hv a h r  o v e r  the operator symbol. I t  follows from t h e  d e f i n i t i o n  of 

w 

0 t h a t  whereve r  o r d i n a r y  d e r i v a t i v e s  o f  5 e x i s t  ( i .e . ,  i n t e r i o r  or  ex te r ior  t o  

S )  o n e  h a s  

0 2 5  = 0 .  

Howevpr, o n e  can  show, a s  i s  done  below, # a t  

( 3 )  

I t  w i  1 1  be s e e n  t h a t  what  a p p e a r s  on t h e  r i g h t  s i d e  of Eq. ( 4 )  leads t o  t h e  

K i r c h h o f f  f o r m u l a .  Fo r  t h e  r e a d e r  who is  n o t  f a m i l i a r  w i t h  g e n e r a l i z e d  f u n c -  

t i a n  t h e o r y ,  t is men t ioned  t h a t  one r e q u i r e s  c o n s i d e r a b l e  c o n c e p t u a l  d e v e l o p -  

ment  i n  q o i n q  from Eq. ( 3 )  t o  Ea.  ( 4 ) .  Examples  of  a p p l i c a t i o n s  g i v e n  i n  

r e f e r e n c e s  [ 7  and [e]  mav h e l p  i n  u n d e r s t a n d i n g  t h e  f o l l o w i n g  steps. 

3 



O n e  can  always d e f i n e  t h e  s u r f a c e  f = O  i n  s u c h  a way t h a t  I V f  I = 1  on  t h i s  

s u r f a c e .  T h i s  i s  done  by t a k i n g  d f = d n  w h e r e  d n  i s  d i s t ance  f rom t h e  s u r f a c e  

f = O  a l o n q  i t s  l o c a l  normal. With t h i s  d e f i n i t i o n  o n e  h a s  E=% where  E i s  t h e  

l oca l  u n i t  normal  p o i n t i n g  i n t o  t h e  e x t e r i o r  r e g i o n .  Then ,  u s i n q  q e n e r a l i z e d  

d e r i v a t i v e s  181, one c a n  write a t  once 

a; -u 

a#  a l  - af 
a t  a t  a t  a t  I - - - - t  ( 0 -  6 ( f )  = -  

w h e r e  i n  EQ. ( 5 - c )  t h e  f u n c t i o n  @ on t h e  r i q h t  s i d e  is  d e f i n e d  as 

(0 f l i m  4 (x_ , t )  
f +ot 

(5-a 1 

(5-b) 

( 6 )  

The f u n c t i o n  P i n  Eq. ( 5 - d )  i s  t h e  normal d e r i v a t i v e  of 4, and i s  d e f i n e d  

s i m i l a r l y .  The Dirac d e l t a  f u n c t i o n  i s  d e n o t e d  6 ( f ) .  From Eq. (5) one  o b t a i n s  

n 

Here, Eq. ( 3 )  i s  u s e d  i n  t h e  l a s t  s tep.  T h i s  completes t h e  d e t e r m i n a t i o n  of 

t h e  r i g h t  s i d e  of !?a. ( 4 ) .  

E q u a t i o n  ( 7 )  is v a l i d  i n  t h e  e n t i r e  unbounded space. One can now u s e  t h e  

G r e e n ' s  F u n c t i o n  f o r  t h e  wave e q u a t i o n  i n  unbounded space, 6 ( g ) / 4 W ,  where 

4 
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q = T - t + r / c  and  r= Ic-x(. 
are d e n o t e d  ( x , t )  and ( x , ~ ) ,  r e s p e c t i v e l y .  The s p e e d  o f  sound is  c. E q u a t i o n  

( 7  t h e n  y i e l d s  

The space - t ime  v a r i a b l e s  of t h e  observer and source 

N 

The s p a c e  i n t e q r a l s  i n  m. ( 8 )  a r e  o v e r  t h e  e n t i r e  unbounded space and  t h e  t i m e  

i n t ~ q r a l  is o v e r  ( - - , t ] .  The d i v e r q e n c e  o p e r a t o r  o n  t h e  r i g h t  acts on t h e  

v a r i a b l e  5 .  

e l e m e n t  of a r e a  of t h e  s u r f a c e  S :  € = 0. Then l e t  T + q n o t i n g  t h a t  t h e  

J a c o b i a n  of t h e  t r a n s f o r m a t i o n  1 a T / a g )  = I %/arl- '  

f ,  by v i r t u e  of  t h e  d e l t a  f u n c t i o n  6 (f), restricts t h e  e x p r e s s i o n s  to E = 0. 

S u b s r a u e n t  i n t e q r a t i o n  o v e r  3 res t r ic t s  t h e  e x p r e s s i o n s  t o  q = 0, which  i n t r o -  

d u c e q  t h e  r e t a r d e d  t i m e .  E q u a t i o n  ( 8 )  t h u s  becomes 

'Jse t h e  f a c t  t h a t  t h e  volume e l e m e n t  d x  = dfdS,  where dS is t h e  

is u n i t y .  I n t e q r a t i o n  o v e r  

N [ e n ]  [ Q 1  
4 7 l @ ( x , t )  = - J ~ dS - '0 -1 -- n d S  

N r r -  f =o f = O  
( 9 )  

Here t h e  s q u a r e  b r a c k e t  s t a n d s  f o r  e v a l u a t i o n  of the f u n c t i o n s  a t  the retarded 

t i m e ;  i .e . ,  [ a ]  @(y_,t-r/c) . 
Tak inq  t h e  q r a d i e n t  o p e r a t o r  i n s i d e  t h e  s e c o n d  i n t e g r a l  of Eq. (9) and 

2 c o l l e c t i n g  terms of  O ( l / r )  and  O ( l / r  ) ,  o n e  g e t s  

4 l l@(x.  t) f > o  

f < O  

-1 
[ Q I C O S ~  dS d S  + \ @n = 1 _I_ ------ 

[ c  (0 cos5 - 
T 

r f =o f = o  r *  
( 1 0 )  

5 



Here @ = a C P ( x , T ) / a i  and  e is  t h e  a n q l e  be tween 2 ( p o i n t i n q  i n t o  t h e  exter ior  
T 

rrcjiorr) and  t h e  r a d i a t i o n  . d i r e c t i o n  z=x,-y,. 
i s  K i r c h h o f f ' s  fo rmula  for a s t a t i o n a r y  s u r f a c e  S. The p r e s e n t  method a u t o -  

m a t i c a l l y  shows t h a t  f o r  t h e  o b s e r v e r  i n s i d e  t he  s u r f a c e  S t h e  in t eq ra l s  i n  

K i r c h h o f f ' s  fo rmula  y i e l d  a z e r o  ( n u l l )  f i e l d .  T h i s  means t ha t  0, On and 0 

a r e  n o t  i n d e p e n d e n t  o n  t h e  s u r f a c e  S.  E q u a t i o n  ( 1 0 )  is  a n  i d e n t i t y  which  may 

he u t i l i z e d  i n  v a r i o u s  ways. 9s i t  s t a n d s  i t  may be c o n s i d e r e d  as an i n t e g r a l  

r e p r e s * n t . a t i o n  of  # a t  p o i n t s  e x t e r i o r  t o  S i n  terms of s u r f a c e  q u a n t i t i e s .  

Ano the r  i n t e r p r e t a t i o n  f o l l o w s  i f  t h e  observer p o i n t  x, is  t a k e n  on  S i t s e l f ;  i n  

t h a t  c a s e ,  Eq. ( 1 0 )  becomes a n  i n t e q r a l  e q u a t i o n  g o v e r n i n g  @ on S. T h i s  l a t t e r  

For t h e  e x t e r i o r  region f > 0 ,  t h i s  

T 

i n t e r p r e t a t i o n  is t h e  basis  o f  modern boundary  e l e m e n t  methods. I t  is  s e e n  

t h a t .  t h e  i n t e g r a l s  of Eq. ( 1 0 )  r ema in  v a l i d  f o r  a piecewise smooth s u r f a c e  S. 

I t  i s  n o t e d  t h a t  i n  t h e  u s u a l  a p p l i c a t i o n s  o f  Eq. ( 1 0 )  @ i s  t a k e n  as  a 

complex  ha rmon ic  f u n c t i o n  of time so t h a t  t h e  temporal p a r t  of CP d i s a p p e a r s  i n  

Err. ( 1 0 ) ;  t h e  r F s u l t i n q  K i r c h h o f f  f o r m u l a  p e r t a i n s  t o  t h e  complex ampli tude o f  

@ [ l - 3 1 .  The a m p l i t u d e  s a t i s f i e s  H e l m h o l t z '  e q u a t i o n .  I n  t h i s  case one could 

b e q i n  t h e  above  p r o c e d u r e  from a Helmholtz e q u a t i o n  r a t h e r  t h a n  f rom the  wave 

e q u a t i o n  as  i s  done  above. 

T H E  GENERAL K I R C H H O F F  FORMTJLA 

I n  t h i s  s e c t i o n ,  t h e  K i r c h h o f f  f o r m u l a  for moving s u r f a c e s  w i l l  be der ived .  

L e t  € ( x , t )  = 0 descr ibe  t h e  movinq s u r f a c e  S wh ich  is  assumed to  be piecewise 

smooth .  The f u n c t i o n  f is  d e f i n e d  as  h e f o r e  s u c h  t h a t  f > 0 o u t s i d e  S and V f  

= n o n  f = 0.  The  f u n c t i o n  4 and i t s  f i r s t  d e r i v a t i v e s  are assumed t o  be 

c o n t i n u o u s  and s a t i s f i e s  Ea. ( 1 ) .  This f u n c t i o n  is again extended t o  5 by 

N 

% 
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. 

Fa. ( 2 )  so t h a t  n3.. ( 3 )  is s a t i s f i e d  b o t h  i n s i d e  and  o u t s i d e  S. The terms on 

t h e  r i q h t  s i d e  o f  Es. ( 4 )  a r e  found by  t h e  same t e c h n i q u e  as p r e s e n t e d  above. 

Tak inq  t h e  q e n e r a l i z e d  d e r i v a t i v e  of  7 w i t h  respect t o  t i m e  g ives  

w h e r e  V, = - a f / a t  i s  t h e  l o c a l  normal  v e l o c i t y  of S w i t h  respect t o  t h e  u n d i s -  

tiirhetl medium. D i f f e r e n t i a t i n s  both s i d e s  o f  Eq. ( 1 1 )  o n c e  more y i e l d s  

where  @ = a @ / a t I x  . The q e n e r a l i z e d  L a p l a c i a n  of  @ i s  given by (5-d) as 

before.  From t h i s  and Eq. ( 1 2  , one o b t a i n s  
u 

t ( x )  

where  M n  = v n / c  is  t h e  l o c a l  normal  Mach number o n  S. I n  t h e  f o l l o w i n q ,  

p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  time h o l d i n q  d i f f e r e n t  sets of space v a r i -  

a h l e s  f i x e d  w i l l  a p p e a r .  

m a i n t a i n e d  whereve r  n e c e s s a r y  i n  o r d e r  t o  p r e v e n t  c o n f u s i o n .  The s o u r c e  terms 

i n  &J. ( 1 3 )  c a n  be w r i t t e n  i n  o t h e r  forms by p e r f o r m i n g  t h e  temporal and s p a -  

t i . a l  d e r i v a t i v e s  i n  t h e  s e c o n d  and  t h e  t h i r d  terms, r e s p e c t i v e l y .  The  above 

fo rm,  however ,  seems to r e q u i r e  t h e  f e w e s t  a l g e b r a i c  m a n i p u l a t i o n s  i n  the f o l -  

l owinq  a n a l y s i s .  

The n o t a t i o n  i n t r o d u c e d  above (e.g. 4 t ( x ) )  w i l l  be 

‘Jpon u s e  of t h e  G r e e n ’ s  Func t ion  of t h e  wave o p e r a t o r  i n  unbounded s p a c e ,  

F:q. ( 1 3 )  qives 

7 



where  # =a(o(I, T ) / a T .  
T ( Y )  

I f  t h e  s p a t i a l  v a r i a b l e s  y a re  t r a n s f o r m e d  to  L a q r a n q i a n  var iables  0, and .., N 

i f  t h e  t r a n s f o r m a t i o n  TUJ i s  employed  and  t h e  d e l t a  f u n c t i o n s  i n t e g r a t e d  o u t ,  

t h e n  EQ. ( 1 4 )  can i m m e d i a t e l y  be w r i t t e n  i n  t h e  form of  Eq. ( 5 . 3 )  of R e f e r e n c e  

[ l o ] .  S u c h  a n  approach  l e a v e s  t h e  d i v e r g e n c e  and  t h e  time d e r i v a t i n v e  oper- 

a t o r s  o u t s i d e  t h e  i n t e q r a l s ,  however ,  which  r e n d e r s  t h e  r e s u l t i n g  f o r m u l a  un- 

s u i t a b l e  f o r  n u m e r i c a l  a p p l i c a t i o n .  I n  t h e  c u r r e n t  paper Eq. ( 1 4 )  w i l l  be 

m a n i p u l a t e d  d i f f e r e n t l y  t o  l e a d ,  as w i l l  be s e e n ,  to  a more p r a c t i c a l l y  u s e f u l  

res11 1 t . 
Before i n t e r p r e t i n q  t h e  i n t eq ra l s  i n  Ea. ( 1 4 1 ,  t h e  f o l l o w i n g  r e l a t i o n  i s  

used t o  c o n v e r t  t h e  sDace d e r i v a t i v e s  i n  t h e  l a s t  i n t e q r a l  t o  a time 

d e  r i va t i ve  : 

w h e r e  r = ( x - y ) / r  i s  t h e  u n i t  r a d i a t i o n  v e c t o r .  Note t h a t  i n  t h i s  r e l a t i o n  t h e  
N ..,.., 

s o u r c e  v a r i a b l e s  ( Y _ , T )  a r e  h e l d  f i x e d .  E n u a t i o n  ( 1 4 )  c a n  now be w r i t t e n  as  

. 

8 
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The t e c h n i q u e  of e v a l u a t i o n  of t h e s e  i n t e g r a l s  W i l l  be q i v e n  b e l o w .  

A l though  i n  many a p p l i c a t i o n s  o f  t h e  K i r c h h o f f  f o r m u l a  i n  acous t ics  t h e  

s u r f a c e  S is  t a k e n  a s  r i q i d ,  f o r  c o m p l e t e n e s s  S is h e r e  assumed t o  be deform-  

a b l e .  L e t  S he  d e s c r i b e d  by t h e  s u r f a c e  c o o r d i n a t e s  ( u  , u 2 )  and  a s sume  

u 3 = f .  T h i s  mapping i s  o n l y  r e q u i r e d  i n  t h e  v i c i n i t y  of  f=O. L e t  t h e  mapping 

( u ' ,  u 2 ,  u3) + v be  a d i f f e r e n t i a b l e  f u n c t i o n  of t i m e  T. Denote t h e  determi- 

n a n t  of t h e  c o e f f i c i e n t s  o f  t h e  f i r s t  f u n d a m e n t a l  form on S by g ( 2 )  = g11g22 - 

Then g ( 2 )  is 

1 

% 

where  t h e  q. . ( i ,  j = 1 , 2 )  are t h e  metric t e n s o r  components .  
412  ' 13 

a f u n r t i o n  of t i m e  T i n  a d d i t i o n  t o  ( u l  , u 2 ) .  

r a d i u s  R ( T )  whose c e n t e r  is moving a t  s p e e d  :(TI. 

s u r f a c e  c o o r d i n a t e s  on  t h i s  s p h e r e  a s  shown i n  F i g .  1.  Then if a t  T=O t h e  

cen ter  of t h e  s p h e r e  is  a t  t h e  o r i q i n  of t h e  X-frame, i t  f o l l o w s  t h a t  

F o r  example ,  c o n s i d e r  a s p h e r e  of 

L e t  (u1,u2) be the s p h e r i c a l  

9 



Also, it is seen t h a t  on S 

( 2 1  

To e v a l u a t e  11, t h e  f o l l o w i n q  s u c c e s s i v e  t r a n s f o r m a t i o n s  are carried o u t :  

+ ( u 1 , u 2 , u 3 )  and t h e n  T + q .  T h e  J a c o b i a n s  of t r a n s f o r m a t i o n s  are 1 and  

l,'(l-Mr), r e s p e c t i v e l y ,  where M, = v, e;,/. . 
f i x e d .  A f t e r  t h e  f i r s t  t r a n s f o r m a t i o n  a n d  i n t e g r a t i o n  w i t h  r e s p e c t  t o  f (1 . e .  

I ] ' ) ,  1, is q i v e n  by 

Mere v, = ay,'aT h o l d i n g  ( u 1 , u 2 , u 3 )  

2 where  D ( S )  is  t h e  domain of S i n  ( u l , u  ) - s p a c e .  

a b l e ,  t h e  limits of  t h e  i n n e r  i n t e g r a l s  c a n  be made t i m e  i n d e p e n d e n t  a n d  are 

.assumed so h e r e  (see F i q .  1 ) .  The d e f o r m a t i o n  o f  S a p p e a r s  i n  t h e  v a r i a t i o n  o f  

q ( 2 ,  w i t h  T. The second  t r a n s f o r m a t i o n  T + g a n d  t h e  s u b s e q u e n t  i n t e g r a t i o n  

w i t h  r e s p e c t  t o  q r e s t r i c t  t h e  i n t e g r a n d  t o  q = 0 a n d  y i e l d  

Note t h a t  even  i f  S is deform-  

The i n t e r p r e t a t i o n  of t h e  i n t e q r a n d  is  as  f o l l o w s .  I f  t h e  r e l a t i o n  g = O  i s  e x -  

plicitly w r i t t e n  ( remember inq  t h a t  u 3 = f = 0  a l s o  i n  the i n t e g r a n d )  

t h e n  t h e  s o l u t i o n  i n  source t i m e ,  T*, of  t h i s  e q u a t i o n  i s  t h e  e m i s s i o n  t i m e  

which m u s t  be used i n  t h e  i n t e g r a n d  of F4. ( 2 3 ) .  Note t h a t  s i n c e  1 ~ 1  < c by 

10 



S i n c e  D ( S )  is  i n d e p e n d e n t  of t, I2 fol lows i m m e d i a t e l y  from Elq. (18) as 

where  t h e  r e l a t i o n  a / a t  = ( l - M r ) - ' a / a ~ 1  

t h e  l a s t  e x p r e s s i o n .  

u 2  a r e  k e p t  fixed. 

, o b t a i n e d  f rom Eq. ( 2 4 1 ,  i s  u s e d  i n  

Note c a r e f u l l y  t h a t  i n  t a k i n g  a / a T  t h e  v a r i a b l e s  u1 and 
u, 

A f t e r  u s i n q  t h e  r e s u l t s  of  Eqs. ( 2 5 )  and (261, Eq. (16 )  c a n  be W r i t t e n  as 

T h i s  r e s u l t  i s  e q u i v a l e n t  t o  t h a t  of Morqans [ 5 1  and i s  r e f e r r e d  t o  h e r e  as t h e  

(Tene ra1  K i r c h h o f f  f o r m u l a .  The n o t a t i o n  o f  t h e  present p a p e r ,  however ,  d i f f e r s  

from M o r q a n s ' ,  who a d d r e s s e d  t h e  i n t e r io r  problem.  

T h e r e  i s  a somewhat s u b t l e  p o i n t  which  s h o u l d  be made, however ,  about  t h e  

r e s u l t  q i v e n  i n  R e f e r e n c e  [ 5 ] .  

dS, b u t  t h i s  is n o t  t h e  e l e m e n t  of a r e a  of t h e  p h y s i c a l  s u r f a c e  S wh ich  i s  

d e f i n e d  by f i x i n q  T i n  f ( y _ , ~ ) = O .  Tha t  e l e m e n t  is du1du2.  The d i f f e r e n c e  

a r i s e s  h e c a u s e  as S d e f o r m s  i n  s p a c e  a n y  e l e m e n t  s p e c i f i e d  by ( u 1 , u 2 )  h a s  d i f -  

The q u a n t i t y  [ / g 2 ) I T * d u 1 d u 2  is  t h e r e  w r i t t e n  

1 1  



f e r e n t  emission times T* f o r  a f i x e d  x, and  t. C o r r e s p o n d i n g  t o  each T* t h e  

s u r f a c e  S h a s  a d i f f e r e n t  s h a p e .  A l though  t h e  main r e s u l t  o f  Morgans is 

correct  i f  i n t e r p r e t e d  as  i n  t h e  p r e s e n t  p a p e r ,  i n  some o f  h i s  e l e m e n t a r y  

e x a m p l e s  t h e r e  i s  a n  a m b i g u i t y  i n  t h e  meaning o f  dS.  I t  s h o u l d  be n o t e d  t h a t  

Morqans '  r e s u l t  ( 2 7 )  is  c l a i m e d  t o  be e r r o n e o u s  by the au tho r s  of R e f e r e n c e  

[ l o ] .  However, t h e y  d o  n o t  s p e c i f i c a l l y  p o i n t  o u t  t h e  n a t u r e  of t h e  error. 

The modern d e r i v a t i o n  q i v e n  a b v e  i n d i c a t e s  t h a t  Morqans '  f o r m u l a  is ,  i n  f a c t ,  

co r r ec t ,  a c o n c l u s i o n  wh ich  w a s  made a l s o  by Munro I l l ] .  

F i n a l l y ,  i t  must be m e n t i o n e d  t ha t  t h e  movins s u r f a c e  S i n  t h e  above 

a n a l y s i s  c a n  be unbounded p r o v i d e d  t h a t  i t  d i v i d e s  t h e  space i n t o  i n t e r i o r  a n d  

e x t e r i o r  p a r t s .  A n  open bounded or unbounded s u r f a c e  c a n  be c o n s i d e r e d  as the  

l i r n i t i n q  case of a closed s u r f a c e  of i n f i n i t e l y  small t h i c k n e s s  t o  which the  

K i r c h h o f f  formula  c a n  be a p p l i e d .  

I f  S is s t a t i o n a r y ,  t-hen Mn and  Mr a r e  z e r o  

Also T *  i s  s i r p l y  t-r /c.  ' Jnder  t h e s e  c o n d i t i o n s  

K i r c h h o f f  formula  f o r  s t a t i o n a r y  s u r f a c e s ,  ?3q. ( 

and q ( 2 )  i s  t i m e  i n d e p e n d e n t .  

Eq. ( 2 7 1 ,  r e d u c e s  t o  t h e  

0 ) .  

ALTERNATE FORM FOR APPLICATIONS 

and a l s o  a t i m e  d e r i v a t i v e  of a compli- 
T ( Y )  

Because  Ea. ( 2 7 )  c o n t a i n s  @ 

c a t e d  f u n c t i o n  i n  t h e  l a s t  i n t e q r a n d ,  it i s  s t i l l  n o t  i n  a form which i s  

r e a d i l y  a p p l i e d  f o r  n u m e r i c a l  a n a l y s i s .  In order t o  o b t a i n  a r e s u l t  which i s  

p r a c t i c a l l y  u s e f u l  i t  is e s s e n t i a l  tha t  t h e  t i m e  d e r i v a t i v e  i n  t h e  i n t e g r a n d  o f  

t h e  l a s t  term be e v a l u a t e d  a n a l v t i c a l l y  and  t h e  e n t i r e  r e s u l t  w r i t t e n  i n  terms 

of qeornetric and k i n e m a t i c  a u a n t i t i e s  which a re  ava i l ab le  or c a n  be r e a d i l y  

measu red .  To t h i s  end  t h e  f o l l o w i n q  r e l a t i o n s  w i l l  be u s e d :  

(28-a  1 

1 2  
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(28-b)  

( 28-c 

where  the dot over 2 and  5 d e n o t e  s o u r c e  t i m e  d e r i v a t i v e  k e e p i n g  (u1,u2) 

f i x e d .  i n  a d d i t i o n ,  the f o l l o w i n q  d e f i n i t i o n s  are i n t r o d u c e d :  

R 
r 

n = n - M  
M - - -  

(29-a  ) 

(29-b)  

( 29-c 

( 2 9 - d )  

N o t e  t h a t  i n  t h e  l a s t  i n t e q r a l  of Q. ( 2 7 ) ,  a new time r a t e  of c h a n q e  of d W i l l  

appedr  when (u1 ,u2)  i s  k e p t  f i x e d .  T h i s  i s  d e n o t e d  #. The r e l a t i o n  b e t w e e n  

and  # i s  o b t a i n e d  a s  f o l l o w s :  
Q T ( Y )  

1 3  



where  E = ( u 1 , u 2 , u 3 ) ,  v = a X / a T l U  and  M 

Mdch number v e c t o r  M = v/c  on S .  A l s o  V s t a n d s  f o r  t h e  s u r f a c e  g r a d i e n t  

i s  the  t a n g e n t i a l  component  of the 
N -t 

N 

U N  2 

o p e r a t o r .  

E q u a t i o n  ( 2 7 )  c a n  now be w r i t t e n  as  

El J s  @E2 Jq 
4n ; i ; (x , t )  = J [----- ( 2 ) ]  du1du2 + [ ( 2 ) J T * d u 1 d u 2  ( 3 1  1 

D ( S )  r ( 1 - M  r T* D(S) r 2 ( 1 - M r )  
u 

where the e x p r e s s i o n s  El and E2 a r e  

- 1  . 
-1 C 

E l  = ( M 2  - 1 )  an+ M , f i t * V  4 - c Mn4 + - [ ( n  - M - n ) 4  
n 2 1 -Mr r n M  

_- 1 

I f  t h e  s u r f a c e  S i s  assumed r i q i d ,  t h e n  q ( 2 )  i s  i n d e p e n d e n t  of T a n d  

w h e r e  E i s  t n r  . l n q u l a r  v e l o c i t y  o f  S. 

t h e  ~ l e r n e n t  of a r e a  o f  S .  F s u a t i o n  ( 3 1 )  c a n  t h u s  be w r i t t e n  f o r  a r i g i d  sur- 

face  ds 

One c a n  now write dS = du1du2 f o r  
( 2 )  

a s  4E2 
T* 

4 n ; 0 5 t )  = J [---- I d S +  I[----- 
r ( 1 - M  ) T* 

S r S r 2 ( 1 - M r )  
( 3 4 )  

w h e r e  E,  and  E2 a re  a q a i n  g i v e n  by  E q .  ( 3 2 )  u s i n g  Eq. ( 3 3 )  where needed. The  

1 4  
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q e n e r a l  K i r c h h o f f  f o r m u l a  of Dqs. ( 3 1 )  and ( 3 4 )  is  now i n  a form which  is s u i t -  

a b l e  for p r a c t i c a l  a p p l i c a t i o n s .  These  r e s u l t s  a p p e a r  n o t  t o  h a v e  been pub-  

l i s h e d  e l s e w h e r e .  Once more i t  can be checked  t h a t  the K i r c h h o f f  f o r m u l a  for 

s t a t i o n a r y  s u r f a c e s ,  EQ. (101,  can be o b t a i n e d  f rom t h e s e  e q u a t i o n s .  A g a i n  i t  

c a n  be s e e n  t h a t  b o t h  EQs. ( 3 1  ) and ( 3 4 )  r e m a i n  va l id  for a piecewise smooth 

s u r f a c e  S.  

REMARKS ON EXTENSION TO S'JPERSONIC MOTION 

A more q e n c r a l  K i r c h h o f f  f o r m u l a  c a n  b e  d e r i v e d  wh ich  i s  v a l i d  f o r  de fo rm-  

able, p i e c e w i s e  smooth s u r f a c e s  i n  a r b i t r a r y  mot ion  ( s u b s o n i c  or s u p e r s o n i c ) .  

The d e r i v a t i o n  o f  t h i s  r e s u l t  i s  v e r y  l e n g t h y  a n d  complicated, a n d  it w i l l  n o t  

he w r i t t e n  o u t  h e r e .  I t  re l ies  on t h e  s o l u t i o n  o f  t h e  f o l l o w i n g  wave e q u a t i o n  

q i v e n  by t h e  a u t h o r s  [ 1 2 ] :  

-1 I n  t h i s  e q u a t i o n  V = ( V , c  

p r e s e n t  p a p e r .  E q u a t i o n  ( 1 3 )  c a n  be w r i t t e n  as  

a / a t )  and  2 i s  a 4 - v e c t o r .  N o t e  t h a t  [ V f l = l  i n  t h e  
4 

where  0 = 4(n,M ) .  Now t h e  G r e e n ' s  f u n c t i o n  of t h e  wave e q u a t i o n  c a n  be a p p l i e d  

t o  f i n d  7 u t i l i z i n q  t h e  r e s u l t  of r e f e r e n c e  [12]  f o r  t h e  second  term of Eq. ( 3 6 ) .  

The r e s u l t i n g  K i r c h h o f f  f o r m u l a  i s  more g e n e r a l  t h a n  the f o r m u l a  p r e s e n t e d  h e r e .  

However, t h e  v a r i o u s  f o r m s  of t h e  g e n e r a l  K i r c h h o f f  f o r m u l a  of t h e  c u r r e n t  paper 

a p p e a r  to  be a d e q u a t e  f o r  p r e s e n t  a p p l i c a t i o n s  i n  a c o u s t i c s .  

N - n  

1 5  



APPLICATIONS I N  ACO9STICS 

As ment ioned  i n  t h e  i n t r o d u c t i o n ,  a p p l i c a t i o n  o f  t h e  K i r c h h o f f  f o r m u l a  h a s  

h e n  p r o p o s e d  f o r  rotor n o i s e  p r e d i c t i o n .  A t t e m p t s  have  a l s o  been made by 

F o r s y t h  and Korkan [ 1 3 )  t o  u s e  t h i s  f o r m u l a  f o r  h i q h  s p e e d  p r o p e l l e r  n o i s e  

c a l c u l a t i o n .  These a u t h o r s  have p r o p o s e d  u s i n g  t h e  K i r c h h o f f  f o r m u l a  f o r  a s t a -  

t i o n a r y  s u r f a c e  which ,  a s  shown a b o v e ,  i s  v e r y  d i f f e r e n t  f rom the g e n e r a l  

K i r c h h o f f  formula .  The s u r f a c e  S i n  t h e  work of  F o r s y t h  and Korkan is t a k e n  as a 

f i n i t e  c y l i n d e r ,  f i x e d  w i t h  respect t o  t h e  propeller, w i t h  i t s  a x i s  a l o n g  t h a t  o f  

t h e  p r o p e l l e r .  This s u r f a c e  is t h e r e f o r e  i n  m o t i o n  w i t h  respect t o  the unbounded 

a c o u s t i c  medium, and t h e  q e n e r a l  K i r c h h o f f  f o r m u l a  must  be a p p l i e d  t o  S. 

One of t h e  i n t e r e s t i n g  a p p l i c a t i o n s  o f  t h e  q e n e r a l  K i r c h h o f f  f o r m u l a  may be 

i n  t h e  p r e d i c t i o n  o f  t h e  noise o f  h i g h  b y p a s s  r a t i o  t u r b o f a n s .  T h e s e  p r o p u l s o r s  

a r e  c u r r e n t l y  f avored  i n  a i r c r a f t  d e s i q n s  b e c a u s e  of their h i g h  e f f i c i e n c y .  By 

u s i n g  a c y l i n d r i c a l  s u r f a c e  S w i t h  i t s  a x i s  a l o n g  t h e  f a n  a x i s  a n d  i t s  e n d s  a t  

t h e  f a n  i n l e t  and e x h a u s t ,  F iq .  2 ,  t h e  main r e s u l t  o f  t h e  p r e s e n t  paper c a n  be 

a p p l i e d  t o  p r e d i c t  t h e  r a d i a t i o n  p a t t e r n .  T h e r e  a r e  s e v e r a l  s o p h i s t i c a t e d  t u r b o -  

m a c h i n e r y  aerodynamics  codes  which c a n  s u p p l y  t h e  needed i n p u t  d a t a  t o  the 

K i r c h h o f  € fo rmula .  

L y r i n t z i s  and Georqe have d e v e l o p e d  a s p e c i a l i z e d  K i r c h h o f f  f o r m u l a  to cal- 

c u l a t e  t h e  f a r  f i e l d  n o i s e  f rom a s i n q l e  h e l i c o p t e r  b l a d e  i n t e r a c t i n g  w i t h  a 

v o r t e x  

d e r i v e d  

q e n e r a l  

1 4 1 .  Their fo rmula  a p p l i e s  t o  u n i f o r m  mot ion  o f  a r i g i d  s u r f a c e  and is 

by u s i n q  G r e e n ' s  theorem. I t  i s  e q u i v a l e n t ,  i n  t h e i r  case, t o  t h e  

K i r c h h o f f  fo rmula  d e r i v e d  h e r e ,  m. ( 3 4 ) .  
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Figure 2 :  Illustrating a surface S appropriate f o r  
turbofan noise analysis. 
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